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Abstract

Multistate density functional theory (MSDFT) generalizes Kohn–Sham density

functional theory to a finite subspace of interacting states through a Hamiltonian

matrix functional of the matrix density D(r). A central challenge is to construct

matrix functionals that preserve subspace unitary invariance while encoding nontrivial

state coupling. Here we show that any local, unitary-equivariant matrix functional

of D(r) must be co-diagonalizable with D(r), and is therefore completely specified

by a scalar generator acting on its eigenvalues. This establishes a one-to-all mapping

from a scalar generator to the full matrix functional. As a consequence, the construc-

tion of N2 matrix elements is reduced to a single scalar mapping evaluated on the

eigenvalue spectrum at each spatial grid point. The formalism is illustrated using a

four-state Hubbard model, where exact reconstruction is achieved with a known scalar

function, and deviations from this mapping can be systematically corrected within the

spectral framework. The results provide a rigorous foundation for constructing local

matrix exchange–correlation functionals with computational complexity comparable to

Kohn–Sham DFT, and offer a practical route toward scalable MSDFT approximations.
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Multistate density functional theory (MSDFT) extends Kohn–Sham density functional

theory (KS-DFT)1,2 from a single ground state to a subspace of interacting electronic states,

in which the Hamiltonian is expressed as a matrix functional of the matrix density D(r).3,4

This formulation provides a rigorous framework for treating state interactions, enabling the

simultaneous description of ground and excited states within a unified density-based theory.

In contrast to conventional KS-DFT, where the energy is a scalar functional of the electron

density, MSDFT requires the construction of a matrix-valued functional whose diagonal and

off-diagonal elements encode both state energies and couplings.5

A central requirement of MSDFT is that the Hamiltonian matrix functional remains

invariant under unitary transformations within the chosen subspace.3,6 This subspace in-

variance ensures that physical observables are independent of the particular representation

of the basis states. At the same time, the off-diagonal elements of the matrix functional

must capture nontrivial state interactions, including electronic coupling and correlation ef-

fects. In practice, however, the construction of such functionals remains a major challenge:7

for an N -state system, one must determine N2 coupled matrix elements, with no general

organizing principle to guide their approximation. As a result, most existing approaches rely

on element-wise constructions or system-specific parameterizations,4,8,9 which obscure the

underlying structure of the theory.

In this work, we consider matrix functionals that are local in space and transform in-

variantly under unitary rotations within the subspace. Within this class, we show that

any such functional must share the same spectral projectors with the matrix density D(r).

Consequently, the matrix functional can be expressed in spectral form. Then, all matrix

elements are generated from a single scalar function acting on the eigenvalues of D(r). This

result provides a complete structural characterization of local, unitary-equivariant matrix

functionals, establishing a one-determines-all (ODA) mapping from a scalar generator to the

full matrix functional.

The spectral formulation has immediate computational implications. Rather than con-
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structing N2 matrix elements independently, the evaluation of the matrix functional reduces

to a scalar mapping applied to the eigenvalue spectrum of D(r) at each spatial grid point,

followed by reconstruction of the matrix in the original basis. In this way, the computational

structure closely parallels that of KS-DFT,2,10 with a modest additional cost associated with

diagonalizing a low-dimensional matrix density and the computation of the N spectral chan-

nel elements. This reduction provides a natural and efficient framework for the development

of practical MSDFT approximations. While the theorem establishes the general structure

of local matrix functionals, it does not uniquely determine the scalar generator (i,e,, func-

tion). Instead, it defines a systematic route for approximation, in which physically motivated

scalar forms, depending on the eigenvalues of D(r) and additional local invariants, can be

constructed and tested within the spectral representation. At the same time, we emphasize

that more general functionals may require extensions beyond this local, equivariant class,

including additional variables or nonlocal dependence to capture effects not representable

within a purely spectral form.

To illustrate the formalism, we consider a four-state Hubbard model.11 Using the exact

matrix density, the Hamiltonian is reconstructed through a known scalar rule, demonstrating

internal consistency of the spectral representation. We further examine a distorted scalar

form and show that systematic corrections can be introduced within the same framework to

recover the model energies. These examples serve to demonstrate the practical implemen-

tation of the spectral construction and its flexibility for functional design. Together, these

findings establish a rigorous and constructive approach for matrix functional development

in MSDFT. By reducing the problem to the design of a scalar generator while preserving

subspace invariance and state coupling, the spectral formulation provides a transparent and

computationally efficient foundation for advancing multistate density functional approxima-

tions.

Background. Multistate density functional theory extends the KS-DFT from a single

state to an N -dimensional Hilbert subspace spanned by the lowest-energy eigenstates.3 The
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fundamental variable is the matrix density D(r),3,5 whose elements are defined as

DAB(r) = ⟨ΦA|ρ̂(r)|ΦB⟩, (1)

where ΦA is an orthonormal basis of the N -dimensional subspace and ρ̂(r) is the one-particle

density operator.12 The Hamiltonian projected into this subspace is a matrix functional of

D(r):

H[D] = F [D] +

∫
v(r)D(r), dr, (2)

where F [D] is a universal matrix functional,13 independent of the external potential v(r).

This universal term can be partitioned into kinetic, Hartree, exchange, and correlation con-

tributions: F [D] = T [D] + EH [D] + Ex[D] + Ec[D]. The energies of the N lowest eigenstates

are obtained from the variational minimization of the multistate functional followed by di-

agonalization of the resulting Hamiltonian matrix.

A central structural property of MSDFT is subspace invariance.6 If two orthonormal bases

of the same Hilbert subspace are related by a unitary transformation U, the corresponding

matrix densities transform as

D′(r) = U†D(r)U, (3)

and the Hamiltonian matrix functional must transform covariantly:

H[U†DU] = U†H[D]U. (4)

The same subspace invariance condition applies to the correlation matrix functional Ec[D].

Equation (4) therefore represents a necessary constraint on matrix functionals of multiple

electronic states.6

Exploiting this invariance, Lu and Gao established that the elements of the correlation

matrix functional are not independent, but are related through exact integro-differential

relations involving their functional derivatives.6 In particular, specifying a single diagonal
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correlation functional EAA
c [D] uniquely determines all matrix elements of Ec[D] within an

N -dimensional subspace. In this sense, a diagonal element acts as a generator, while all off-

diagonal and remaining diagonal elements are constrained by subspace invariance. Crucially,

each matrix element depends on the full matrix density D(r), rather than on an individual

state density alone. Consequently, this establishes a global ODA principle at the level of

state-resolved functionals.

In the following, we show that this global principle in the state level admits a comple-

mentary formulation at the local level in space. By analyzing matrix functionals pointwise

in real space, we demonstrate that their structure can be expressed in a spectral representa-

tion of the matrix density, leading to a transparent and computationally tractable form for

functional construction.

Local Spectral Formulation of Matrix Functionals. At a given spatial position r, the

matrix density D(r) is Hermitian (or real symmetric in a real representation) and therefore

admits a spectral decomposition14,15

D(r) =
N∑
i=1

λi(r)Pi(r), (5)

where λi(r) are the distinct eigenvalues and Pi(r) are the associated orthogonal spectral pro-

jectors. When eigenvalues are nondegenerate, Pi(r) = |ui(r)⟩⟨ui(r)|, with |ui(r)⟩ represent-

ing the corresponding eigenvectors. In the presence of degeneracy, Pi(r) denotes the projector

onto the corresponding eigenspace. This projector-based formulation ensures uniqueness of

the decomposition irrespective of degeneracies.

A local matrix function G(D(r)) is defined to be admissible if it depends only on the

local matrix density and satisfies unitary equivariance,

G(U†D(r)U) = U†G(D(r))U, (6)

for any unitary matrix U. This condition is the local manifestation of subspace invariance
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and imposes a strong structural constraint on such functionals.

Theorem 1 (Local Spectral Covariance). For any admissible local matrix G(D(r)), the

resulting matrix is also diagonal with the spectral projectors of D(r). Equivalently, the func-

tional commutes with its argument,

[G(D(r)),D(r)] = 0, (7)

and admits the representation

G(D(r)) =
N∑
i=1

gi(r)Pi(r), (8)

where each gi(r) is a scalar quantity associated with the eigenspace corresponding to λi(r).

Proof. Let D = D(r) at fixed r, and let W be any unitary matrix that commutes with

D, i.e., W†DW = D. By admissibility, G(D) = G(W†DW) = W†G(D)W. Thus, G(D)

commutes with every unitary operator in the commutant of D.

Within any degenerate eigenspace of D, the set of such unitary operators includes all

unitary transformations acting exclusively within that eigenspace. Therefore, G(D) must

be invariant under arbitrary rotations within each eigenspace. By Schur’s lemma,15 the

only operators with this invariance property are scalar multiples of the identity within each

eigenspace. Consequently, G(D) cannot couple distinct eigenspaces and must be proportional

to the identity on each eigenspace.

It follows that G(D) has the spectral form given in eq. (8), which immediately implies

the commutation relation in eq. (7).

In eq. (7), [A,B] = AB−BA denotes the standard matrix commutator.

This result shows that admissible local functionals are constrained to share the spectral

structure of the matrix density, with no independent directional degrees of freedom beyond

those encoded in D(r). As a consequence, the construction of a matrix functional is reduced
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from determining N2 coupled matrix elements to specifying C ≤ N scalar quantities associ-

ated with the spectral components with C denoting degeneracy blocks if the eigenvalues of D

are not fully non-degenerate. This reduction provides the foundation for a local realization

of the ODA principle developed below. We note, however, that more general matrix func-

tionals may involve nonlocal dependence or additional variables and need not be restricted

to this spectral form.

Local Spectral “One-Determines-All” Theorem. In the spectral basis of D, the N × N

matrix density can be written as D = diag(λ1, . . . , λN). Under a permutation matrix Π, the

density transforms as

Π†DΠ = diag(λπ(1), . . . , λπ(N)), (9)

corresponding to a relabeling of the eigenvalues.

Admissibility further requires that the matrix G satisfy the same equivariance condition,

G(Π†DΠ) = Π†G(D)Π. (10)

Thus, any permutation of the eigenvalues induces the same permutation of the spectral

components of G(D).15,16 This invariance implies that the output components cannot be

independently specified, but must be generated from a common symmetric mapping.

Theorem 2 (Local Spectral ODA Theorem). Let G(D(r)) be an admissible local matrix

function. Then there exists a scalar mapping g such that, at each spatial point r,

G(D(r)) =
N∑
i=1

g (λi(r); {λj(r)}j ̸=i)Pi(r), (11)

where g is symmetric with respect to permutations of the set λj(r)j ̸= i. Consequently, spec-

ifying this scalar mapping determines all spectral components and, through spectral recompo-

sition, the full matrix functional.

Proof. By Theorem 1, G(D) is diagonal and shares the spectral projectors with D, and can
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be written in the spectral basis as

G(D) = diag(g1, . . . , gN). (12)

This defines a mapping between input and output spectra,

(λ1, . . . , λN) 7→ (g1, . . . , gN). (13)

Permutation invariance (eq (10)) ensures that relabeling the input eigenvalues induces

the same relabeling of the outputs.

(g1(λπ(1), . . . , λπ(N)), . . . , gN(λπ(1), . . . , λπ(N))) = (gπ(1)(λ1, . . . , λN), . . . , gπ(N)(λ1, . . . , λN)).

(14)

Therefore, the set of components gi cannot be independent, but must be generated from a

single symmetric rule.

Defining a scalar mapping g(x; Λ \ x) by selecting one eigenvalue x and treating the

remaining eigenvalues as an unordered set, permutation covariance guarantees that this

definition is independent of labeling and symmetric in its arguments. It follows that

gi = g
(
λi;λjj ̸=i

)
, (15)

which establishes eq (11).

This result provides the local spectral realization of the ODA principle and complements

the previously established state-level formulation.6 In the state representation, subspace

invariance imposes exact functional relations among matrix elements, such that a single

diagonal generator determines the full matrix functional. This formulation is global and

expressed in terms of matrix elements within an arbitrary orthonormal state-basis of the

subspace.
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By contrast, the present result is formulated pointwise operational in real space in the

spectral frame of D(r). Here, the same principle emerges in an operational form: the full

matrix functional at each spatial point is generated from a single symmetric scalar mapping

acting on the local eigenvalue spectrum. The matrix structure is then recovered through

spectral recomposition.

Taken together, the two formulations describe complementary aspects of the same under-

lying constraint imposed by subspace invariance: the state-level result establishes the global

functional interdependence among matrix elements, while the local spectral formulation pro-

vides a canonical and computationally tractable realization of this principle. Accordingly,

the construction of matrix functionals reduces to specifying a scalar mapping evaluated

pointwise in real space, while retaining full coupling among states through the dependence

on the complete local spectrum λi(r). This yields a formulation that is spatially local yet

intrinsically coupled in state space. We emphasize that this construction applies to local,

unitary-equivariant functionals; extensions beyond this class may require additional variables

or nonlocal dependence.

Spatial Invariance and Universality. A natural question arises regarding the scalar map-

ping g in eq (11): does this mapping depend explicitly on the spatial coordinate r, i.e.,

should it be written as g(r;λi, λj)?

For local and semilocal density functionals, the answer is no: the functional form of

g does not depend explicitly on r; spatial dependence enters only implicitly through its

arguments. This follows from the universality of density functionals.10,13 Since G(D) is

defined independently of the external potential, its local representation must act uniformly

at every spatial point when expressed in terms of its fundamental variables. Consequently,

the scalar mapping g in eq (11) is a universal function, common to all r,

gi(r) = g
(
λi(r);λj(r)j ̸=i

)
, (16)
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with no explicit spatial dependence.

This property is the matrix-functional analogue of locality in Kohn–Sham DFT, where

a single exchange–correlation energy density is applied uniformly across space, with posi-

tion dependence entering through the local density (and, in semilocal approximations, its

derivatives).10 More generally, when additional dependencies are included, such as density

gradients or other nonlocal descriptors, the functional form remains universal, while the set

of arguments is extended to incorporate this information. In all cases, the absence of explicit

spatial dependence reflects the universality of the functional.

Within this framework, the scalar mapping g serves as the central object for constructing

matrix functionals. The development of matrix exchange–correlation functionals is thereby

reduced to specifying a universal scalar rule, from which the full matrix structure follows

through spectral recomposition. This formulation provides a direct and constructive route

for developing practical approximations within the multistate framework.10,13

Computational Construction. The local spectral formulation yields a practical protocol

for evaluating a local, unitary-equivariant matrix functional G(D) through a coupled spatial-

state procedure. At each integration grid point r, the computation proceeds as follows:

• Spectral Decomposition. Diagonalize the N ×N Hermitian matrix D(r),

D(r) = U(r)Λ(r)U†(r), (17)

to obtain its eigenvalues {λi(r)} and corresponding spectral projectors {Pi(r)}.

• Scalar Functional Evaluation. Evaluate the scalar mapping for each spectral com-

ponent,

gi(r) = g
(
λi(r);λj(r)j ̸=i

)
, (18)

using the same functional rule for all i. The specific functional form of g is determined

by the particular functional used. The dependence on the full local spectrum ensures
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that coupling among states is retained at each spatial point.

• Spectral Reconstruction. Reconstruct the matrix functional locally as

G(D(r)) =
N∑
i=1

gi(r)Pi(r). (19)

This procedure converts the evaluation of a matrix functional into a sequence of local

operations that closely parallels standard Kohn–Sham DFT.10 Instead of approximating N2

coupled matrix elements independently, one specifies a single scalar mapping and applies

it to the spectral components of D(r). The coupling among states is retained through the

dependence of gi(r) on the complete local eigenvalue set λj(r).

From a computational perspective, the dominant cost remains the real-space integration

over the grid. The additional overhead arises from diagonalizing an N×N Hermitian matrix

at each grid point. Although this step scales as O(N3) per point, it is modest for the small

subspace dimensions typically used in MSDFT. Consequently, the overall computational

structure remains comparable to that of KS-DFT, with the principal added cost coming from

the local spectral decomposition and reconstruction over a small number of state channels.

This formulation highlights the practical consequence of the local spectral representation:

the full matrix functional is generated from a single scalar mapping while preserving the

symmetry, invariance, and state-coupling structure imposed by the multistate formalism.

Illustration of Spectral Decomposition in Multistate Calculations. To assess the the spec-

tral decomposition approach, we use the two-site, two-electron Hubbard model,11,17 defined

by the Hamiltonian Ĥ = −t
∑

σ c
†
1σc2σ + c†2σc1σ +U

∑2
i=1 n̂i↑n̂i↓, where t is set to unity. The

first term of the Hamiltonian describes electron hopping between sites, while the second term

represents the on-site electron-electron interaction with strength U . This model provides a

minimal yet nontrivial testbed with four configurations (two doubly occupied and two singly

occupied spin-coupled states), supporting both singlet and triplet states.

The numerical procedure for computing matrix functionals by spectral decomposition is
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given below.

• Construction of the matrix density. We first diagonalize the Hubbard Hamiltonian

to obtain the four eigenvectors, from which the 4× 4 matrix density D is constructed.

For a given U/t, the matrix density at site ri is

D(ri) =



1− U/R 0 4t/R 0

0 1 0 0

4t/R 0 1 + U/R 0

0 0 0 1


(20)

where R =
√
U2 + 16t2 and the basis is in the order {|I+⟩, |ΨC⟩, |I−⟩, |ΨT ⟩} where

|I±⟩ = (|2, 0⟩ ± |0, 2⟩)/
√
2, |ΨC⟩ = (| ↑, ↓⟩ − | ↓, ↑⟩)/

√
2 and |ΨT ⟩ is the triplet state,.

• Spectral decomposition of matrix density. Diagonalization of D(ri) yields eigen-

values λ = {0, 1, 1, 2}, which are independent of U and t, while the associated spectral

projectors depend on these parameters.

• Local function and scalar interaction rule. In the Hubbard model, the interaction

operator is Ĝ = U
∑2

i=1 n̂i↑n̂i↓. For a local occupation number λ, the double-occupancy

operator satisfies n̂i↑n̂i↓ = 0.5λi(λi − 1), which counts electron pairs on a site. Conse-

quently, the local interaction energy can be expressed as

gi(λi, U) =
1

2
Uλi(λi − 1) (21)

This provides the exact scalar mapping for the interaction functional in the spectral

representation.

• Spectral construction of the interaction functional. Using the local spectral

14
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procedure (eqs (17)–(19)), the matrix interaction functional is constructed as

G4×4(D) =
2∑

s=1

4∑
i=1

gi(λi(rs), U)Pi(rs) (22)

Equation (22) corresponds to the matrix representation of the interaction operator Ĝ within

the chosen subspace, which yields the exact matrix G((D)) = g(2, {2, 2, 2}) · I4.

The total Hubbard Hamiltonian is then reconstructed (H = T+ G) and diagonalized to

yield the four Ŝz = 0 eigenstates (three singlet and one triplet state).

Figure 1: Analytical (exact) and spectrally reconstructed energies of the two-site, two-
electron Hubbard model as a function of U/t. The local spectral construction employs
the exact scalar interaction mapping g(λ, U) = (1/2)Uλ(λ− 1). All four eigenvalues (three
singlet states and one triplet state) are reproduced exactly across the full range U/t = 1−10,
demonstrating that the spectral formulation recovers the full interacting Hamiltonian within
the subspace when the correct scalar mapping is used.

Figure 1 shows that the spectral reconstruction reproduces all four eigenvalues exactly

across the full range U/t = 0–10. This exact agreement reflects the fact that the scalar

mapping g(λ, U) is known analytically for this model. Importantly, the triplet state, although
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not explicitly distinguished in the scalar rule, is reproduced with the same accuracy as the

singlet states. This demonstrates that the spectral construction recovers the full operator

structure within the subspace, rather than selectively reproducing individual eigenvalues.

When the matrix functional, and thus the associated spectral scalar mapping, is un-

known, as in exchange-correlation functionals for electronic systems, can one construct an

approximate scalar function that reproduces the target ground- and excited-state energies?

To mimic this situation, we introduce a controlled distortion of the scalar mapping,

wref (λ, U) =
1

2
Uλ(λ− 1) + 0.1

U

λ+ 0.5
(23)

This perturbation produces systematic deviations in all eigenvalues (Figure 2). To correct

these deviations, we introduce a polynomial correction term,

gLST(λ, U) = gref (λ, U) + gc(λ, U) (24)

gc(λ, U) =
2∑

m=0

4∑
n=0

amnU
mλn (25)

where the coefficients {amn are obtained by minimizing the least squre difference between the

exact Hubbard energies and model results in the U/t range, piece-wise, of [0, 4] and [7, 10].

Two “correlation” models are used, one depending on the spectral eigenvalue λ only gc(λ)

and the second including coupling of charge and interaction strength gc(λ, U). The former

is a special case by forcing U = 1 in the fitting, but the brute-force coupling of eq (25) is

proposed in view of eq (23) containing both U and λ, but otherwise supposedly not knowing

its detail.

The resulting energies are shown in Figure 2. We found that it was not possible to

reproduce ground and excited state energies using gc(λ), either within the fitting range nor

the expanded validation strength [0, 12]. On the other hand, the gc(λ, U)-correlated scalar

mapping recovers all four eigenvalues within the fitted range and areas outside the fitting
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with negligible errors (even for U = 500). Thus, for this system, the exact energies can be

reproduced by using a scalar function of the density eigenvalues; however, the “real” physics

requires only two parameters, 0.1 and 0.5 to compensate the effect of eq (23). Further

discussion of the implications of this observation is beyond the scope of this article.

Figure 2: Exact (dashed), distorted reference (dotted), quartic correction (smooth thin), and
λ−U coupled gc(λ, U) (thin with data point) energies of the Hubbard model. The reference
results (dotted) are obtained from a perturbed scalar mapping gref (λ), which introduces
systematic deviations in all eigenvalues (dashed). gc(λ) functional has large errors within
the fitting range ([0, 4], [7, 10]) and outside. The gLST(λ) = gref (λ) + gc(λ, U) correlation
restores the energies with negligible error.

These results illustrate two key points. First, when the exact scalar mapping is known,

the spectral construction reproduces the full interacting Hamiltonian within the subspace.

Second, when the mapping is approximate, deviations can be systematically analyzed and

reduced through refinement of the scalar function. This example demonstrates the practi-

cal implementation of the local spectral formulation and its potential as a framework for

constructing approximate matrix functionals.

Discussion and Concluding Remarks. Several observations clarify the scope, interpreta-
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tion, and implications of the local spectral formulation.

• The local spectral theorem applies to matrix functionals that are local and unitary-

equivariant with respect to the matrix density D(r). When additional variables are

introduced such as density gradients, kinetic-energy densities, or nonlocal kernels, the

functional dependence extends beyond the point-wise density. In such cases, the for-

mulation remains applicable when expressed in terms of an appropriately enlarged set

of local descriptors. Thus, the spectral representation is not restricted to strictly local

approximations, but extends naturally to semilocal and generalized functional forms.

• Spectral degeneracies are treated at the level of projectors rather than individual eigen-

vectors. The requirement that the functional be diagonal in the eigenbasis is more

precisely understood as invariance within each degenerate eigenspace. This condition

ensures covariance under all unitary transformations that leave D(r) unchanged, and

follows directly from Schur’s lemma.

• The local spectral ODA theorem (Theorem (2)) complements, rather than replaces, the

state-level functional relations established in reference.6 The latter encodes global con-

straints among matrix elements arising from subspace invariance, whereas the former

provides a pointwise representation in the spectral frame of D(r). In this sense, the

state-level result is structural, while the local spectral formulation is operational, sup-

plying a canonical ansatz class for constructing approximations consistent with local

covariance and permutation symmetry.

• The scalar generating rule g may depend on additional symmetric invariants beyond

the explicit eigenvalues. Any symmetric function of the spectrum, such as polynomial

invariants or measures of spectral dispersion, contains equivalent information and may

serve as alternative variables. This flexibility provides a systematic pathway for devel-

oping approximations within the spectral framework, while preserving the symmetry

constraints imposed by admissibility.
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• The local spectral theorem characterizes the commuting component of admissible ma-

trix functionals, denoted G∥[D], which share the spectral projectors ofD(r). In general,

however, physically exact operators need not be fully contained within this commut-

ing subspace. Deviations may arise from a non-commuting component, G⊥[D], which

cannot be represented solely in terms of the local eigenvalue spectrum. This decom-

position, G = G∥ + G⊥, provides a natural framework for analyzing the limitations

of purely spectral approximations. The commuting component captures all informa-

tion consistent with local covariance, while G⊥ encodes additional physical effects such

as nonlocal exchange-correlation structure, long-range charge transfer, and excitonic

coupling that are not reducible to local spectral data alone.

Systematic improvement beyond the spectral approximation may therefore be achieved

by introducing additional descriptors that resolve the non-commuting degrees of free-

dom. These may include gradient-dependent terms, transition density matrices, cur-

rent densities, or other matrix-valued quantities that extend the functional domain.

In this way, the local spectral formulation defines a controlled hierarchy: a minimal

commuting approximation augmented by progressively richer representations of the

nonlocal and noncommuting contributions.

In summary, we have established a local spectral formulation of the one-determines-all

principle for multistate density functionals. By exploiting unitary equivariance, the construc-

tion of a local matrix functional is reduced to defining a single scalar mapping function, from

which the full matrix structure is constructed through spectral recomposition. The resulting

formulation is spatially local yet intrinsically coupled in state space, ensuring consistency

with subspace invariance while preserving universality in the functional form. From a com-

putational perspective, the procedure closely parallels standard Kohn–Sham DFT, with only

a modest additional cost associated with local matrix diagonalization. In this sense, the mul-

tistate functional problem is recast from the construction of N2 coupled matrix elements to

the design of a scalar functional defined on the local eigenvalue spectrum.
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More broadly, this work provides both a rigorous structural foundation and a practical

computational framework for multistate functional development. The spectral representa-

tion clarifies the internal organization of matrix functionals and enables their systematic

construction in direct analogy to conventional density functional approximations. Exten-

sions of this framework, including the development of approximate exchange–correlation

matrix functionals, will be explored in future work. Together, these results define a coherent

pathway toward density functional methods for excited states and strongly coupled electronic

systems.
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