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Abstract

Multistate density functional theory (MSDFT) provides a rigorous variational frame-
work for the simultaneous description of multiple electronic states through a matrix
density, but practical implementations have relied on multiconfigurational many-body
wavefunctions. Here, we introduce the Dyson field, 1 (r), an L x N matrix-valued func-
tion of the coordinate r that factorizes the matrix density as D(r) = 1T (r)¥(r). The
elements of ¢(r) = {1pa(r)} are shown to be Dyson orbitals connecting the n-electron
states of interest to (n — 1)-electron ionization channels of size L, providing a direct
physical interpretation of the matrix density in terms of electron removal amplitudes.
Variational minimization of the MSDFT subspace energy with respect to the Dyson

field yields a matrix Fock equation,
(=577 + vexe ()] ¥ (x) + 4 (x) [VH[D](r) + V[D](r)] = 4 (r)e,

in which the kinetic and external potential operators act locally, while Hartree and
exchange—correlation effects appear as N x N matrix potentials, V# [D](r) and V*¢[D](r),
that couple electronic states within the subspace. This formulation defines a quasi-
particle reference system for MSDFT that is analogous to the Kohn—Sham orbitals in
Hohenberg-Kohn DFT. In appropriate limits, the formalism reduces exactly to Kohn-
Sham DFT for N = 1 and to the Tamm-Dancoff approximation of time-dependent
DFT within the single-excitation manifold. More generally, the Dyson-field construc-
tion transforms MSDFT from a formally exact but wavefunction-dependent framework
into an orbital-based theory, opening a practical route to self-consistent, density-based

treatments of strongly correlated and electronically coupled states.
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1. Introduction

A major challenge in electronic structure theory is the simultaneous and balanced description
of multiple electronic states. A century after Erwin Schrodinger’s formulation of the wave
equation in 1926, electronic structure theory continues to evolve between wavefunction-

26 seeking both formal rigor and computational

based! and reduced-variable descriptions,
efficiency. The need to describe multiple, energetically close electronic states within a single
consistent framework underlies a wide range of phenomena, from photochemistry and charge
transfer to strongly correlated systems, where ground and excited states are intrinsically
coupled. " 1* Wavefunction-based methods provide, in principle, a systematic route, but their
computational cost grows rapidly with system size and number of states, and the balanced
treatment of dynamic and static correlation remains demanding.!%!” Unfavorable scaling
and imbalanced correlation treatment motivate density-based approaches that retain the
advantages of density functional theory (DFT) while extending its scope beyond the ground
state. 18727

The success of DFT lies in replacing the many-electron wavefunction with the electron
density and introducing an auxiliary non-interacting reference system.**2?° However, this

30732 Extensions such as linear-response time-dependent

framework is inherently single-state.
DFT (LR-TDDFT) are based on perturbations of the ground state and do not provide a gen-
eral variational description of multiple states.®*3® This limitation is especially pronounced
in strongly correlated, near-degenerate, and nonadiabatic regimes. 367

Multistate density functional theory (MSDFT) addresses this limitation by elevating the
basic variable to a matrix density defined within a finite-dimensional subspace of electronic
states.®® In this framework, state and transition densities are unified, and the Hamiltonian
is expressed as a matrix functional of the density, yielding a rigorous, time-independent
variational theory for multiple states.®3® A defining feature is subspace invariance, which

leads to the “one-determines-all” (ODA) principle:3?4° the Hamiltonian matrix functional

is internally constrained such that all its elements can be generated from a single scalar
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functional. Despite this formal foundation,*! a key element of the DFT paradigm - the
direct use of the density variable - has been missing. 162738

Here, we introduce a quasiparticle mapping of the matrix density through the Dyson
field,*>#* a matrix-valued function whose elements are Dyson orbitals connecting many-
electron states to ionized configurations.4%46 This factorization provides a direct physical

4748 while defining an orbital repre-

interpretation in terms of electron removal amplitudes,
sentation that does not rely on auxiliary many-body wavefunctions. The Dyson field further
establishes a non-interacting quasiparticle reference system for MSDFT: by expressing the
kinetic energy and density in terms of this field, the multistate variational problem becomes
a self-consistent optimization, leading to a generalized Fock equation in which inter-state
coupling arises naturally through matrix-valued potentials, thereby defining a multistate
analogue of the Kohn—Sham framework with intrinsic state coupling at the one-particle
level. This Dyson-field mapping transforms MSDFT from a formally exact yet wavefunction-
dependent framework into a practical, orbital-based theory; in appropriate limits, it reduces
to Kohn—Sham DFT and the Tamm—Dancoff approximation to TDDFT, while more generally
providing a nonperturbative variational formulation. Combined with spectral decomposition
based on the ODA principle,*’ the exchangecorrelation matrix functional reduces to scalar
channel functions evaluated on a real-space grid. These results complete the structural foun-
dation of MSDFT: the matrix density defines the basic variable, the Hamiltonian matrix
functional defines the energy, and the Dyson field provides the quasiparticle representation
enabling self-consistent computation. This framework opens a route to treating strongly
coupled electronic states with efficiency and clarity comparable to Kohn-Sham DFT.

The remainder of this paper is organized as follows. Section 2 reviews the essential
elements of MSDFT and the partition of the Hamiltonian matrix functional. Section 3
introduces the Dyson field, establishes its physical interpretation, and discusses the asso-
ciated spectroscopic sum rules. Section 4 derives the Dyson-field SCF equation through

constrained variational minimization. Section 5 examines key properties, including the re-
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duction to Kohn-Sham theory and TDDFT. Section 6 describe computational algorithms,

and Section 7 summarizes the main results and outlines future directions.

2. Multi-State Density Functional Theory

For an n-electron system, the Hamiltonian projected onto an N-dimensional Hilbert subspace

S¥ can be expressed as a matrix functional of the matrix density D(r):?

H[D] = F[D] + /drvext(r)D(r), (1)

where F[D] is a universal matrix functional, independent of the external potential vy (r).*!

The rank-N matrix density D(r) is defined through its matrix elements
Dyp(r) = (Palp(r)|Ps), A, B=1,...,N, (2)

where p(r) = 1T (r)d(r) is the one-particle density operator with ¢/f(r) and ¢ (r) denoting the

creation and annihilation operators, and {|®4)} forms an orthonormal basis spanning SV.

D(r) can be obtained variationally by minimizing the trace of the Hamiltonian matrix:53®
Elu] = - win Tr{¥(D]} )
v] = — min Tr
N D(r) ’

where E[v] = N1 Zﬁvzl E; is the multistate energy, corresponding to the average energy of
the lowest N eigenstates in the subspace.
A key feature of this formulation is its invariance under unitary transformations within

the subspace.® Specifically, under the unitary transformation of state basis

D(r) — D'(r) = U'D(r)U, (4)



Langtaosha (LTS) Preprint doi: https://doi.org/10.65215/LTSpreprints.2026.04.20.000192. This version posted April 20, 2026. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder. Creative Commons license: CC Attribution-NonCommercial-NoDerivatives 4.0
https://creativecommons.org/licenses/by-nc-nd/4.0

the Hamiltonian matrix functional transforms as
H[U'DU] = U'H[D|U. (5)

with U being an arbitrary N-dimensional unitary matrix. This equivariant transformation
property reflects the fact that physical observables are independent of the particular choice

of basis in SV, and it imposes a necessary constraint on any admissible matrix functional of

D(r).

3. Dyson Field and Quasiparticle mapping of D(r)

The matrix density D(r) introduced above is defined in terms of multiconfigurational many-
electron wave functions. In view of the success of Kohn—Sham density functional theory
(KS-DFT), in which a non-interacting reference system through Kohn-Sham orbitals is con-
structed to reproduce the exact ground-state density, it is natural to ask whether an analo-
gous representation exists for the multistate matrix density. Specifically, can one construct a
quasiparticle, non-interacting-like reference framework that reproduces D(r) for a finite set
of electronic states while retaining a one-electron, orbital-like structure?

The answer is affirmative at the level of representation. In the following, we show that the
matrix density can be exactly factorized in terms of Dyson orbitals, leading to a Dyson-field
description that provides a quasiparticle mapping of D(r). This construction establishes
a formally exact correspondence between the multistate density and a set of one-electron
objects with direct spectroscopic interpretation, thereby providing the multistate analog of

the Kohn—Sham orbital representation in density functional theory.
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Representing matrix density with Dyson orbitals

We begin by introducing the quasiparticle Dyson orbital, 1,4, defined as the overlap between

an n-electron state [®7) and an (n — 1)-electron ionic state |Pp—1): 440

Ypa(zy) = \/ﬁ/ O (21, 2o, )P0 (20, ) iy day, (6)

where z1 = (11, 01) denotes the spatial and spin coordinates of the detached electron, and the
remaining n— 1 coordinates, [dx =3y, __ 8 [ dr are integrated out. In second quantization,

this expression can be written compactly as

Upa() = Ypa(r, o) = ()7 i(r,0)|9%), (7)

The Dyson orbital describes the correlated distribution of the electron removed in an
ionization process, incorporating the response of all remaining electrons.* In the absence of
electron correlation, as in Hartree—Fock theory, the Dyson orbital reduces to the canonical
molecular orbital from which the electron is removed. In general, the Dyson orbital 1,4 is
neither normalized nor orthogonal to each other. Its squared norm, ||th,4][?, gives the pole
strength associated with the ionization transition and is directly related to observables in
47,48

photoemission and electron momentum spectroscopy.

Inserting the resolution of identity in the (n — 1)-electron space,
R It ®
p=1

into the definition of the matrix density (2) yields

Dap(r)= > Z BT (x, 0)|@p ) (@) i (r, 0)| D). (9)

o= O‘?B p_
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Recognizing the Dyson orbitals of eq (7) and noting that

(@[T (r,0)|Dp71) = Upa(r, 0), (10)

the elements of the matrix density can be expressed exactly as a sum over all ionic states:

Dap(r) = Y Y r,(r,0)ts(r,0) (11)

UZa?IB p

where the sum spans the complete spectrum of the (n — 1)-electron system.

Quasiparticle mapping of D(r)

The representation of eq (11) shows that, at each spatial point r, the matrix density can be

written exactly in the factorized form

D(r) = trgin {0 (r,0) ¥(r,0)} = &' (r) ¥(r), (12)

where 9(r) is an L x N matrix-valued function, L being the number of ionizing channels
for the N states of D(r). We refer to ¢(r) as the Dyson field, whose elements 1,4(r)
constitute a set of generalized one-electron orbitals if we adopt a finite number L in eq (12)
purely for representing D(r). We use the two expressions of ¢ in eq (12) interchangeably:
In the first expression, ¢ (r, o), the spin coordinate o is explicitly presented, whereas in the
latter, ¢ (r) = {¢,a(r)}, the elements are spin-orbitals, in other words, the spin coordinate
is part of the orbital index, which is frequently used in the second-quantization formalism.
The exact resolution of identity in the (n—1)-electron Hilbert space (Eq. (8)) formally
involves an infinite set of ionic states, corresponding to a full configuration interaction (FCI)
description. In practice, however, only a finite subset of ionizing channels carries significant
spectral weight. For the matrix density D(r) associated with N states of an m-electron

system, the sum rule (see below) implies that a minimal set of L = n x N generalized Dyson
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orbitals is sufficient to reproduce the correct total electron number across the subspace.®

Equation (12) is the multistate analogue of the Kohn—Sham decomposition of the ground-

state density,

p(r) = Z |pi(r) [, (13)

but generalized to a matrix-valued density. In this sense, the Dyson field provides a natural
multistate quasiparticle representation of D(r), in which the full many-body effects are
encoded in the structure of the generalized orbitals.

In analogy with KS-DFT, where n orbitals reproduce the ground-state density, the trun-
cated Dyson field, D(r) = 9f(r)i(r), provides a quasiparticle mapping of the matrix density
onto a set of generalized one-electron orbitals. This mapping, which is constructed from
a finite set of Dyson-like orbitals (L = nN) encoding correlated electron removal ampli-
tudes, serves as a representation of D(r) rather than of the underlying many-electron wave
functions.

In the context of density representation, the Dyson field defines an auxiliary quasiparticle,
non-interacting-like framework that maps the multistate matrix density D(r) onto a finite
set of generalized one-electron orbitals, without invoking a corresponding many-electron
wavefunction. We emphasize that the purpose of this construction is not to approximate
the underlying many-body states, but to provide an exact representation of D(r) in terms
of a minimal set of Dyson-field components. While this mapping is formally exact in the
complete Dyson expansion, its practical implementation relies on a controlled truncation,
analogous to representing the ground-state density with a finite set of Kohn—-Sham orbitals.
This construction establishes the foundation of a quasiparticle framework for multistate

density functional theory.

10
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Physical interpretation

The factorization (12) is not merely a mathematical identity; its explicit form in Eq. (11)
provides a clear physical interpretation of the Dyson field. Each component ¢,4(r, o) rep-
resents the amplitude for removing an electron at position r from the n-electron state A,
leaving the system in the (n—1)-electron ionic state p.4>4® The matrix element Dag(r) is
obtained by summing over all such ionization channels, corresponding to a process in which
an electron is removed from state A into channel p and subsequently reinserted into state B.

In this way, the Dyson field encodes all one-electron removal and reinsertion pathways
connecting states A and B, and thus provides a natural representation of the transition
density between them. The summation over p reflects the completeness of the (n—1)-electron
spectrum, ensuring that all ionization channels are included. As a result, the Dyson field is
not only a formal construct but also has a direct spectroscopic interpretation: its elements
correspond to amplitudes associated with electron removal processes, such as photoemission.

It therefore furnishes a physically motivated orbital-like representation of the matrix density

D(r).

Spectroscopic sum rule

Using the anticommutation relations of the fermionic field operators and the completeness

of the (n—1)-electron states, the matrix density satisfies the sum rule
e Dant) = 3 e 65,0) viale) = (@31105) (19
p

where N = [dr Yt (r)i(r) is the number operator. For an orthonormal set of n-electron

states, one obtains

/dI‘ DAB(I‘) :n5AB. (15)

11
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When N = 1, this reduces to the well-known sum rule

> 8, =n, (16)

p

where S, = ||1,||? is the spectroscopic factor associated with ionization channel p.

Illustrative examples of Dyson field

We illustrate the Dyson field mapping of the matrix density D(r) by two specific examples.

One-electron system. Consider the simplest system of one electron. With ¢(r) =
{chaxu(r)} and {x,(r)} being a complete set of basis orbitals, the matrix density D(r)

is given by
Dag(r ZCZZC;BXM )xw (1) (17)

We illustrate with the special case of N = 3. An arbitrary 3-matrix density D(r) has the

following generic form,

D1 dida s
D(r) = O5P1 |¢2\2 O503 (18)
P51 P3da |dsl?

where {da(r) = >_, cauxu(r); A = 1,...,3} are one-electron orbitals. The normalization
condition of the matrix density requires that [ dr Dp(r) = 04 with A, B = 1,2,3, which

means that

/drqu‘(r)(bB(r) = 04pR (19)

12
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Hence, the corresponding orbital field can be given by

¢1(r) ¢a(r) ¢3(r)
Y(r) = 0 0 0 (20)

In other words, a 1 x 3 Dyson field is sufficient to represent an arbitrary 3-matrix density,

because it is an one-electron system and no electron correlation is involved.

Two-electron system. We consider a two-electron system (n = 2), such as the hydrogen
molecule, using a minimal molecular orbital basis {¢;, g2} corresponding to the o, and o}
bonds. All orbitals and coefficients are taken to be real.

We start with the four determinant configurations as the initial states:

Do = [¢1(1)¢1(2)), D1 = |p2(1)2(2)),
Dy = |¢1(1)2(2)), Ps = |d2(1)d1(2))

where ¢; and ¢; (j = 1,2) indicate the o and 3-spin orbitals. Then, the (n — 1)-ion states,
since n = 2 here, simply correspond to the four spin-orbitals (¢;, ¢1, ¢ and @), i.e., a total

of four possible ionization channels. In this basis, the Dyson field has the following form:

771 channel | Bo(02) ®y(02) By(0y5s)  Ba(0uy)

oy(r)or ¢1(r) 0 ¢2(r) 0
v = o, (r)B —pi(r) 0 0 — (1)
ou(r)a 0 Pa(r) 0 ¢1(r)

ou(r)p 0 —¢o(r) —ou(r) 0

where the matrix entries are the Dyson orbitals, correponding to the overlap ¢,4(r,o) =

(q),(,l)h@(r,a)(l)f)) between the initial 2-electron state and the ion state. From the Dyson

13
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field, we immediately obtain the matrix density in determinant basis

202 0 D12 D102
2

D(r) = Z S (e, o)(r, o) = 0 205 192 P12 1)

o=a,8 P12 P12 T+ B3 0

P1P2 P12 0 o7 + &3

In this example, the dimension L = 4, which is greater than n = 2. In general, the left
dimension of the Dyson field is greater than the number of electrons, L > n; this is because
the Dyson field not only gives the density of each state but also the transition density between
states.

We now turn to an equivalent representation of the Dyson field in the basis of configura-
tion state functions (CSF). Since both ®; and ®; are already eigenfunctions of 52 we just
need to construct the spin-coupled singlet and triplet states with S, = 0 through the unitary

matrix,

1 0 O 0

01 0 0
U= (22)

1 1

00 % —%

1 1

00 %5 &%

Then, we obtain the CSF states {®q, ®1, Pg1, Pro}, the singlet and triplet states are

1 1
gy = 7 (P2 + P3), Py = NG (—P2 + @3) (23)

Under the rotated CSF basis, {®g, @1, Ps1, Pro}, the Dyson field can be formulated through

14



Langtaosha (LTS) Preprint doi: https://doi.org/10.65215/LTSpreprints.2026.04.20.000192. This version posted April 20, 2026. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder. Creative Commons license: CC Attribution-NonCommercial-NoDerivatives 4.0
https://creativecommons.org/licenses/by-nc-nd/4.0

Y =9yU
o7, ! channel | ®g(07) P1(07) Do o
aga(r) ¢1(r) 0 J502(r)  —5a(r)
P = gB(r) —o1(r) 0 —5da(r) —5a(r)
ou(r) 0 $a(r)  Hoi(r)  5ou(r)
ouB(r) 0 —¢ao(r) J50u(r) —5ou(r)

Now we see that all ionization channels enter in the columns of the open-shell singlet and
triplet states.
Then, the matrix density is obtained from the CSF-Dyson field as follows, which is

identical to that transformed accordingly: D (r) = U'D(r)U.

267 0 V20165 0
2
DOSF () — Z VO (1, )b OF (1, ) = 0 205 V2¢10 0 (24)
o=0,8 V2p1¢2 V2100 %+ B3 0
0 0 0 ¢i+63

Genearalization to multiconfiguraitonal wave function. The illustration above can
be generalized to any multiconfiguraitonal state functions expressed in determinant basis;
the latter is convenient for practical construction of the Dyson field. Let {|®4)}}_, be

determinants and {|¥;)}#_, be the N primary states of interest, expanded as

W) = Carl®a) (25)

where C'4; are elements of the M x N coefficient matrix, with the N states orthonormalized:
CiC =1y.

In terms of the Dyson field, if we have constructed a determinant-column Dyson field,

15
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G (r) = (@;*1|1@(r)|¢2> such that the matrix density in determinant basis is given by

D (1) = () (). (26)

Then, the Dyson field in multiconfiguration state (MS) basis is obtained by the same pro-

jection on the right:
P (r) = v (r)C, (27)

which is now L x N with L being the ionization channels. Its columns correspond to the N

states. Consequently, we obtain the N-matrix density as follows.

DY (r) = 4" (r)yp " (r) = ClypI(1)yp™ (r)C = C'D*(r)C (28)

4. Dyson-field Fock equation

Non-interacting kinetic, Coulomb and xc matrix functional

Given the Dyson-field representation of the matrix density, D(r) = ¢T(r)y(r), we define the

quasiparticle kinetic matrix functional as

Tl = -} [de ol @)Vt (29)

This is the natural multistate generalization of the Kohn—Sham kinetic energy. Importantly,
T,[¢] is a matrix-valued functional whose diagonal elements correspond to individual state
kinetic energies, while off-diagonal elements describe inter-state couplings mediated by the

Dyson field. In the orbital component form,

r—|
[\Dll—l

L
Z Ypa| V2[Uy5). (30)

16
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The Hartree matrix functional is written as

£1D] = & / drdr’ p D), (31)

2 ) |r—1/|

The definition of the Hartree matrix functional in eq (31) introduces products of matrix
densities, which inherently generates cross-state Coulomb interactions within the N-state
subspace. Unlike the conventional scalar Hartree energy in KS-DFT, this construction allows
electrostatic coupling between different electronic states through the off-diagonal elements of
D(r). This is not a trivial extension but a deliberate modeling choice that embeds interstate
Coulomb correlations directly at the mean-field level.

The remaining contribution to electronic energy defines the exchange—correlation matrix

functional,

£™[D] = F[D] - T,[¢] — £ [D], (32)

which, by construction, includes the residual kinetic energy
Tres [D] = T[D] - Ts W] (33)

where T[D] is the exact kinetic matrix functional.
In the limit of L — oo, the Dyson field #(r) not only reproduces the exact N-matrix

density D(r) but also the multi-state density matrix D(r,r’) defined by
Dap(r,r') := (Pald(r)d ()| @p) = [ (1)e(t)]an (34)
which gives the exact kinetic matrix,
T[D] = —% /drdr’é(r —r)V°D(r,r') = -1 /dr Yt (r)VZ3)(r) (35)
In this case, the residual kinetic energy vanishes, Te[D] — 0.
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Subspace energy functional

The subspace energy functional of MSDFT (3) can now be written in terms of the Dyson
field as

ngyzﬁfm{T4¢y+/hr%mavDav+eHnn+emun}. (36)

To facilitate the variational treatment below, we define the Hartree matrix potential,

wﬁmm:/ﬁgﬂamw, (37)

and the exchange-correlation matrix potential,

Vis[DI(r) 5DBA ZS (38)

where the transpose in the index (6/0Dp4 rather than §/8D4p) ensures that V*¢ inherits

the Hermiticity of D.

Dyson-field Fock equation

We seek the Dyson field ¢(r) that minimizes the subspace energy Eg[¢)] (eq (36)) subject to

the normalization constraint

/dr Yi(r)ah(r) = nly. (39)

where Iy is a rank N unit matrix. We construct the Lagrangian,

L = NEg[{] — Tr {A (/dr ww—nIN)] (40)

where A is an N x N Hermitian matrix of Lagrange multipliers.

The derivatives of the kinetic energy and the external potential terms can be obtained

18
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directly:

5 1,
5 (T To) = =5 Vi) (41)

and

ﬁ <Tr / vextD) = Vet (r) Upa(r). (42)

The trace of the Hartree and exchange-correlation functionals involve the relation Dap(r) =
>0 ¥oa(r) Yer(r), and after straightforward application of the derivative chain rule (Ap-

pendix ), we arrived at the expressions,

—5 1y = r Hip = )V (r
50500 (Tr £") = EB Vpp(r) [VI(r)],, = [0@) VI(r)],,- (43)
and
5 XC _ r e r
S () = [0 Vi) (14)

Importantly, for eqs (43)-(44), the N x N matrix functions V¥ (r) and V*¢(r) are multiplied
to the right of the Dyson field since ¥(r) is a L x N matrix function. Finally, the variation

of the Lagrange-multiplier term yields

oy o[ far w0 | = [A w0, (45)

Combining Eqs. (41)-(45) and setting the stationary condition, we obtain the generalized

Fock equation for the Dyson orbitals,
(=3 V2 + Ve ()] 9(x) + 9 (r) [V (r) + V¥(r)] = 9 (r)A, (46)

where A is an N-dimensional Hermitian matrix of generalized energies.
Equation (46) is a differential equation of matrix functions, which differs fundamentally
from the Kohn-Sham equation. Here, the kinetic operator and external potential act element-

wise on the elements of the Dyson field, governing spatial dynamics, while the Hartree and
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xc matrix potentials act from the right, coupling the electronic states within the subspace. It
provides the basis for a generalized mean-field theory in which inter-state coupling is treated
on equal footing with single-particle motion. Equation (46) therefore defines a quasiparticle
equation in a coupled-channel representation: although no explicit many-body interaction
operator appears, the orbital components are coupled through the state-dependent matrix
potential. In this sense, the Dyson-field formalism generalizes the Kohn-Sham construction
from scalar orbitals to a matrix of quasiparticles, providing a multistate extension of one-
particle density-based theory.

Equation (46) is the central result of this work.

Canonical Dyson field and orbitals

The Hermitian matrix A of eq (46) can be diagonalized by a unitary transformation such
that

U'AU = diag(&,,. .., En). (47)

Defining the canonical Dyson field ¢'(r) = ¢ (r)U, the matrix density transforms as D'(r) =
U'D(r)U. Under this transformation, the generalized Fock equation retains its form but

is expressed in a basis in which the Lagrange multiplier matrix is diagonal. Writing ¢’ =

(11, -+ ,1y) in terms of its columns, eq (46) becomes
1 N
[—§V2 + vext(r)‘| Ya(r) + Z Yp(r) [VI(x) + V¥(r)] 5, = Eatoa(r), (48)
B=1

where we have dropped the prime symbol: ¥ 4(r) = ¢/,(r) which is the A-th column of '
Each column 94(r) is an L-component vector function, and the equations remain coupled
through the matrix potentials. Thus, the transformation diagonalizes the energy matrix but

does not decouple the equations, reflecting the intrinsic coupling between electronic states.
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Interpretation of eigenvalues

In ground-state Kohn-Sham theory, the highest occupied orbital energy is related to the ion-
ization potential through Janak’s theorem and related results.®® The generalized eigenvalues
obtained from eq (46) do not correspond to single-particle orbital energies in the Kohn—Sham
sense. Instead, within the Dyson-field representation, they encode the energetics of electron
removal from the multistate subspace.

The present Dyson-field formulation has an interpretation in terms of the projected

electron-removal Green’s function. For an n-electron state |®;) and a complete set of (n—1)-

electron ionic states {|®7~")}, the removal spectral function is,*>?
Alp(r.x'sw) prA Jopp(r) lw — (B — ;)] (49)
Integration over energy recovers the matrix density, Dap(r) = [dw A AB(r r;w), show-

ing that D(r) is the zeroth moment of the projected removal spectrum (states within the
subspace SV). Accordingly, the present generalized Fock equation may be viewed as a
static density-functional approximation to the projected Dyson equation.®®2 The gener-
alized eigenvalues therefore represent effective quasiparticle removal energies, whereas the
Dyson orbitals determine the corresponding spectral amplitudes in photoemission-type ex-
periments.

Establishing a rigorous multistate analog of Janak’s theorem, relating variations of the
subspace energy to these generalized eigenvalues and to ionization processes and Green’s

function, remains an open theoretical problem and a promising direction for future work.

Self-consistent field procedure

Equations (12) and (46) must be solved self-consistently since V# and V** depend on D(r) =
YT (1)1 (r), which in turn depends on (r).

A self-consistent-field (SCF) procedure proceeds as follows:
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1. Construct an initial guess for the Dyson field () (r).

2. Compute the k-th iterative Dyson field D®)(r) = "t (r)yp*) (r).

3. Evaluate the matrix potentials VA[D®)] and V*¢[D*)].

4. Solve the generalized Fock equation (48) to obtain the updated Dyson field ¢*+1(r).
5. Normalize 91 to satisfy the constraint of eq (39).

6. Check convergence; if not converged, return to step 2.

In a set of basis functions, {x,(r)}, with ¢pa(r) = >_, ¢4 xu(r), we obtain
D haFul =4 paSu (50)
uB H
where S, = [dr x}(r)x,(r) is the overlap matrix and the Fock matrix elements are

1
Fut = /dr Xy K_EVQ + vext> 0pa+ (VI + V) pa X (51)

Subspace invariance

Consider a unitary transformation U € U(N) acting within the N-dimensional subspace

SN. The Dyson field and matrix density transform as
Y(r) = ¢/(r)=¢(r)U,  D(r) - D'(r) =U'D(r)U. (52)

Since the Hartree and exchange—correlation matrix potentials are functionals of D(r), they

transform covariantly as
VAD|(r) — V¥D(r) = U'V7[D|(r)U, (53)

V[D](r) — V*[D|(r) = U'V*[D](x)U. (54
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The kinetic operator and the scalar external potential are invariant under this transforma-
tion.

Substituting these relations into the generalized Fock equation (46), we obtain

(=3 V2 + vexs (r)) ¥/ (r) + ' (x) (VI [D'](r) + V*[D'](r))
= (—1V? + vexe (1)) V(1)U + (r) VI (1)U + ¢(r) V(r)U

= (r)AU = ¢/(r)(U'AU). (55)

Thus, the generalized Fock equation is covariant under unitary transformations within

the subspace: its form is preserved, with the eigenvalue matrix transforming as
A — AN =U'AU. (56)

Since the subspace energy is given by the trace,

Bs = Tr(-}, (57)

it remains invariant under such transformations. Therefore, the Dyson-field formulation

satisfies the subspace invariance (or equivariance) condition of MSDFT (eq (5)).%

5. Connections to Kohn-Sham and Time-Dependent

DFT

One-state reduction to Kohn—Sham theory

In the single-state limit N = 1, the matrix density reduces to the scalar ground-state density,
D(r) — po(r), (58)
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and the Dyson field ¥ (r) becomes an L-component column vector. To reproduce the correct
electron number, the minimal representation corresponds to L = n, so that ¢(r) may be
identified (up to a unitary transformation) with a set of n orthonormal orbitals. Expanding

¥ (r) in an orthonormal set of orbitals {p;(r)}",

D(r) = (1), a(r), (59)

In this limit, all matrix-valued quantities collapse to scalars. The Hartree and exchange—
correlation matrix potentials, V¥ (r) and V*(r), reduce to the usual scalar potentials v (r)
and v*°(r), which commute with ¥ (r). Consequently, the generalized Fock equation (46)

reduces to n independent equations of the form
RS o() = | =57+ (1) + 01 (6) 07 (0) | () = 1), (60)
which are just the Kohn—Sham equation, with the effective potential
Vep(T) = Vet (1) + 0 (1) + 0*(1). (61)

Thus, the present Dyson-field formulation of multistate density functional theory recovers

standard Kohn—-Sham theory as the single-state limit.

Connection to TDDFT

To give a concrete example of the Dyson-field SCF optimization, we reformulate the Tamm—
Dancoff approximation (TDA) of linear-response time-dependent density functional theory
(LR-TDDFT) within the present Dyson-field framework.

In LR-TDDFT, the ground state |®f) is represented by the Slater determinant with

Kohn-Sham spin-orbitals, |®f) = |=¢) = det{e; ...¢,}. Excited states are represented as
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linear combinations of singly-excited determinants,3*3

occ vir

%) ZZX;2 cheil®p), A>T, (62)

where X7} are excitation amplitudes. The occupied, {¢j;7=1,...,n}, and virtual orbitals,
{a;a = n+1,...,n,}, n being the number of electrons in the system and n, being the

number of virtual orbitals, are all determined by the Kohn-Sham equation,

WS, (r) = e 5 py(x), (63)

where hKS is the KS effective Hamiltonian.

To evaluate the Dyson field, one must also specify a set of (n — 1)-electron states. We
take the basis to consist of the set of hole states generated by removing an electron from the

KS ground state,

1Z5) = ¢&[=0), j=1...,n. (64)
which yields L = n ionization channels. The Dyson field elements are defined as

hja(r) = (F;]é(r)| %) (65)

For the ground state (A = 0), one obtains

bjo(r) = @;(r), (66)

so the ground-state column of the Dyson field reduces to the occupied KS orbitals. For

excited states (A > 1), straightforward evaluation using second-quantized algebra gives

vir

%A Z (67)
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where A =1,---, N — 1. Collecting both cases, the Dyson field can be written as

Yia(r) = @;(r) 60 + (1= 0a0) Y _ X7 a(r). (68)

The corresponding transition density is

DOA Z b 90] ) (69)

which coincides with the standard TDDFT transition density. We shall remark that, al-
though the Dyson orbitals for the ground state, 1,9, are identical to Kohn-Sham orbitals
(¢;), the Dyson orbitals for excited states 1,4 are neither normalized nor orthogonal to each

other,

vir vir

(jaltp) = ZXA*XB ©alion) = ZXA*XB # 6an (70)
The Dyson-field Fock equation (46) then reduces to
i“vzjjA )+ Z ¥iB(r) VHXC (r) = Z Apatp(r), (71)
B

where h = —1V?2 4 v, (r) and VI*[D] = VH[D] + V**[D] (eq (46)). We then expand the

matrix density about the ground-state reference,
D(r) = po(r)Ly + 6D(x). (72)

where po(r) is the ground state density, and linearize the Hartree-exchange-correlation matrix

potential,

VD] (r) ~ v™[po](r)dpa + Z / dr' Figies(x.x') 6Dey(r'), (73)
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Hxc [

where v¢[pg] = v [po] + v*[pg] is the Kohn-Sham Hxc potential, and

0V [D](r)

74
dDcy(r')  IDE)=po(r)In (74)

Hx
F BACCJ( r’) =
is the linearized multistate Hxc kernel.

Inserting the explicit expression (68) of the Dyson field into the Fock equation (71) gives

N—1 vir N—-1 vir

S, + Z Z X3ov Ve =Aoow; + Z Z ANopX o,
A=1 b
vir N—-1 vir
Vikey 4 Z ( ApKS 1 Z Vil x ) oo =>_> AapXjio, (75)
B=1 b

B=1,B#A

In LR-TDDEFT, there is no coupling between the ground state and excited states, hence,
we let Aga = Ayo = 0. The second term on the left-hand-side of the first equation,

g;ll X HovVise, comes from the contribution of the single-excited manifold to the
ground state, which is also neglected. Multiply on the left of both sides of the first equation
by X agoj( ) and the second equation by ¢, (r) and integrate over r. Taking the difference of

the resulting two equations yields

XA &)+ [ v pale)os(e) V() = wa X (76)

which employs flKSgop = agsgop. wa are the eigenvalues of the excitation matrix, {Apc —
Ebpo; B,C =1,...,N}, & being the Kohn-Sham ground-state energy.

If we identify the multi-state Hxc kernel as the Kohn-Sham xc kernel f,.,

Hxc / 1 / /
dVoas(r) = /dr Lr—ﬂ + fre(r,r")| Doa(r’), (77)
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and neglect the coupling between excited states (VI = 0 for A # B), one obtains

(K5 — X9 X+ [(ajlkb) + KEM) X = waX 3, (78)
kb
where
. Pa(r)@; (r) ou(r') s (r')
(aj|kb) = // dr dr’ . Py : (79)
and

Ko — / / dr 4 o (1) 05 () frelr, ) on()ou(r'). (30)

Equation (78) is exactly the Tamm-Dancoff approximation to Casida’s equation.®

The full Casida’s equation involves both excitation and de-excitation amplitudes and
has the form of a non-Hermitian eigenvalue problem with forward (X) and backward (V)
components.3! The present derivation recovers only the TDA (Hermitian) limit, since the so-
built Dyson-field ansatz (69) includes only single-excitation (particle-hole) configurations.
To recover the full Casida’s equation, the Dyson-field representation needs to include de-
excitation (hole—particle) components and the corresponding off-diagonal coupling blocks.

Scope and limitations. We can see from the above derivation that the TDA of TDDFT
is a special case in the limit under a frozen KS reference, single-excitation truncation, and
first-order linearization of the multistate xc functional in the Dyson-field formalism. The
computed Dyson field (68) does not reproduce the full matrix density, lacking the density
of each excited state and transition density between excited states, which are irrelevant for
Casida’s equation. The derivation in this section not only provides strong support for validity
of the Dyson-field formalism, but also suggests possible directions overcoming limitations of

linear-response approaches.
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6. Evaluation of exchange-correlaton matrix functionals

The Dyson-field construction developed above provides a quasiparticle, orbital-based repre-
sentation of the matrix density D(r) in an N-dimensional subspace and reduces the opti-
mization of D(r) to solving a set of generalized Fock equations for the Dyson field ¢ (r). Once
this representation is available, the remaining problem of practical MSDFT is to construct
the exchange-correlation matrix functional and its contribution to the effective Hamiltonian
matrix (i.e., the Fock matrix elements of eq (51)). In other words, the formal challenge
shifts from representing D(r) to evaluating the matrix elements of H[D], especially the
exchange-correlation part, in a form suitable for self-consistent-filed computation.

A key simplification follows from the fact that the Hamiltonian matrix functional H[D)]
is determined by the N-matrix density D(r), which are invariant in the subspace S¥. Conse-
quently, under the “one-determines-all” (ODA) principle, rather than designing all N? matrix
elements independently, the full matrix functional can be obtained by spectral decomposition

and recomposition based on a scalar exchange-correlation channel function. 494!

Spectral decomposition and grid-based evaluation

At each spatial grid point r, the matrix density is diagonalized as
D(r) = P(r)d(r) P'(r), d(r) = diag(dl(r), . ,dN(r)), (81)

where {d;(r)} are the local (grid point r) eigendensities and P(r) is a unitary matrix of
local eigenvectors. Any admissible (satisfying eq (5)) local or semilocal exchange—correlation
matrix functional may then be constructed in the spectral frame from a scalar channel
function gy and transformed back to the original (state-level) basis. For example, a local

matrix functional may be written equivariantly as

X [D] = /dI‘ P(I‘) diag<gxc(d1)7 s agxc(dN)) PT(r)a (82)
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where g¢,.(d;) is a scalar exchange-correlation function with the input densities of eq (81)
(and gradients if a semilocal functional is used) and the corresponding matrix potential is
obtained by functional differentiation,

_ 0Tr&[D]

VXC(I') - 5D(I‘) (83)

Equations (81)—(83) show that the computation of the N? matrix elements of £[D] is
reduced to N scalar function evaluations at the spectral channels (eq (81)),%° providing a
KS-DFT-like computational strategy for MSDFT. The numerical integration proceeds on a
real-space grid exactly as in standard KS-DFT, except that the scalar density is replaced
by the set of local eigendensities {d;(r)}Y,, together with any additional local invariants

needed by the chosen approximation. Thus, at each grid point, one carries out the following

operations: 4°

1. construct the matrix density D(r) from the present Dyson field;
2. diagonalize D(r) to obtain P(r) and {d;(r)} (eq (81));

3. evaluate the scalar channel function gy from the eigendensities (and, for semilocal

forms, including their gradients and related invariants);

4. recompose the full matrix functional and matrix potential in the original basis using
eq (82);
5. assemble the corresponding contribution to the generalized Fock equation (eq (51)).

In this way, the evaluation of a matrix exchange-correlation functional is reduced to a se-

quence of scalar evaluations followed by spectral recomposition.

From scalar channel functions to matrix functionals

The principal computational consequence of the spectral decomposition following the ODA

principle is that any practical approximation for £*[D] reduces to the design of a scalar

30



Langtaosha (LTS) Preprint doi: https://doi.org/10.65215/LTSpreprints.2026.04.20.000192. This version posted April 20, 2026. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder. Creative Commons license: CC Attribution-NonCommercial-NoDerivatives 4.0
https://creativecommons.org/licenses/by-nc-nd/4.0

exchange-correlation channel function analogous to approximations in KS-DFT. The matrix
character of the theory is then recovered through the local eigenvectors P(r) and the spec-
tral recomposition.? This suggests a direct route to importing standard density-functional
approximations into the multistate setting.

The essential point is that the matrix functional does not need to be guessed element
by element. Once a scalar channel function (e.g., the PBE approximate functional® with
addition of multistate invariants) is specified at each grid point,?° the full matrix exchange-
correlation functional is generated by diagonalization of D(r), scalar evaluation on the eigen-
densities (and gradients in GGA functionals), and transformation back.4 This provides both
a conceptual unification and a practical algorithm for multistate exchange-correlation func-

tionals.

Dyson-field constructions and practical starting points

The spectral decomposition framework?’ is independent of how the Dyson field for D(r)
is represented in practice. The simplest realization is to construct the Dyson field from a
frozen KS reference in the single-excitation manifold, as in the TDA/TDDFT limit discussed
above. In that case, the Dyson-field columns are expressed in terms of occupied and virtual
KS orbitals and excitation amplitudes, and the matrix density is obtained directly from these
quantities. Combined with the spectral-grid construction described above, this yields a direct
route to computing exchange—correlation matrix elements in a manner closely analogous to
ordinary KS-DFT, but now for N coupled density channels.

This single-excitation construction should be viewed as the lowest level of practical ap-
proximations. Its value is twofold. First, it provides an explicit, computationally convenient
initial representation of the Dyson field. Second, in the linearized frozen-reference limit,
it connects directly to the Tamm—Dancoff approximation to TDDFT, thereby furnishing a
transparent bridge between the present variational formalism and standard response the-

ory. Third and importantly, although the construction of D(r) in Dyson field makes use
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of single excitations in this lowest level approach, unlike TDDFT, the Hamiltonian matrix
functional includes proper state coherence and thus state couplings, if not dropped, suitable
for modeling photochemistry including conical intersections.

Significantly, the main advantage of the Dyson-field formulation is that it is not restricted
to the frozen-reference or single-excitation regime. The Dyson orbitals may instead be opti-
mized self-consistently through the generalized Fock equation, allowing the matrix density,
the exchange-correlation matrix potential, and the quasiparticle orbitals to be determined
variationally and simultaneously. Therefore, we obtain a set of consistent, orthonormal or-
bitals that respond both to static and dynamic correlation through the Hamiltonian matrix

functional.

Beyond the single-excitation manifold

A natural next level approximation is to enlarge the space used to construct the Dyson
field beyond single excitations. For example, one may adopt a CISD-like or more general
multiconfigurational ansatz for the n-electron states and the associated (n — 1)-electron
ionization channels. The resulting Dyson field then carries a richer structure, which in turn
yields a more flexible and accurate matrix density. The spectral decomposition strategy
remains unchanged: once D(r) is constructed, the exchange-correlation matrix functional is
still evaluated from a scalar channel function on the local eigendensities, repeating N times
of KS-DFT-like calcualtions, one for each spectral channel density.

This separation between the representation of the Dyson field and the construction of
the matrix functional is important. Improvements in the wavefunction-like structure used
to generate ¢(r) and improvements in the scalar channel function g, i.e., the exchange-
correlation function approximation, are logically distinct and can be pursued independently.

In practical computations, this opens a hierarchy of approximations:

1. frozen-reference single-excitation Dyson fields combined with simple local or semilocal

channel functions, no SCF is needed except that of the reference state;
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2. self-consistent Dyson-field optimization within the single-excitation manifold;

3. enlarged Dyson-field manifolds, such as CISD-like or multiconfigurational construc-

tions, combined with the same spectral functional framework;

4. systematic refinement of the scalar channel function from local to semilocal, meta-

GGA, hybrid, or explicitly nonlocal forms.

Perspective

The practical significance of the Dyson-field construction is therefore twofold. At the repre-
sentation level, it provides an orbital-based quasiparticle mapping of the multistate matrix
density D(r). Here, any practical wave function methods such as configuration interaction
(CI), many-body perturbation theory (MBPT) and multiconfigurational self-consistent-field
(MCSCF) methods can be used and selected. This provides a direct connection to adopt
computational algorithms already optimized in wave function theory. At the functional level,
the spectral decomposition of D(r) reduces the construction of exchange-correlation matrix
functionals to the design of a scalar channel function evaluated on local eigendensities. The
result is a computational strategy closely analogous to KS-DFT in its use of grid-based scalar
evaluations, but generalized to an N-channel density framework with explicit state coupling.
Here, the challenge lies in the functional design that must include subspace invariant vari-
ables to account for subspace correlation.

From this perspective, the problem of practical MSDFT is no longer to invent matrix
functionals in full generality, but to identify accurate and transferable scalar channel func-
tions and suitable Dyson-field representations for the states of interest. The generalized Fock
equation derived in the present work provides the self-consistent variational framework in

which these approximations can be implemented, tested, and systematically improved.
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7. Conclusions

We have introduced the Dyson field ¢ (r), a matrix-valued quasiparticle field that provides
an orbital representation of multi-state density functional theory (MSDFT). The principal

results of this work are summarized as follows:

1. Factorization of the matrix density. The positive semi-definiteness of the N-
matrix density D(r) guarantees an exact factorization, D(r) = 1(r)(r), where 9 (r)

is an L x N matrix field (Sec. ).

2. Physical interpretation. The elements, 1)p4, are Dyson orbitals, which are electron-
removal amplitudes connecting n-electron states to (n—1)-electron ionization channels,

providing a direct physical interpretation of the matrix density (Sec. ).

3. Generalized Fock equation. Variational minimization of the MSDFT subspace
energy yields a self-consistent equation for the Dyson field, in which the kinetic and
external potentials act locally, while Hartree and exchange—correlation contributions
appear as matrix-valued potentials coupling the electronic states: (—%V2 + vext)zp +
P (VH —i—VXC) = 1 A. This equation determines the matrix density without two-electron

operators and explicit many-body wavefunctions (Sec. ).

4. Connections to Kohn-Sham and TDDFT. In the single-state limit (N = 1), the
formalism reduces exactly to the Kohn-Sham equations (Sec. ). For N > 1, under a
frozen-reference, single-excitation, and linearized exchange-correlation approximation,
the projected Fock equation in the Dyson-field formulation recovers the Tamm-Dancoft

approximation to Casida’s equation (Sec. ).

These results establish a quasiparticle, orbital-based formulation of MSDFT, transforming it
from a formally exact but wavefunction-dependent framework into a practical, self-consistent

theory.
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The Dyson-field construction also suggests several directions for future work. The in-
terpretation of the generalized eigenvalues in terms of electron removal processes points
toward a multi-state generalization of Koopmans’ and Janak’s theorems.®® The connection
between Dyson orbitals and the one-body Green’s function, where Dyson orbitals arise as
residues at quasiparticle poles, indicates a natural link to many-body perturbation theory,

including GW and related self-energy approaches, ¢ 62

which may guide the development
of exchange-correlation matrix potentials. Equally important, the hierarchy of exchange-
correlation matrix functional approximations from TDDFT-kernel-based constructions to
nonperturbative local matrix density approximations and exact-exchange formulations pro-
vides a systematic pathway toward practical implementations. Combined with the spectral
decomposition algorithm, these developments reduce the construction of matrix functionals

to the design of scalar channel functions, enabling direct benchmarking against high-level

wavefunction methods.

Appendix A. Derivation of the Hartree functional deriva-
tive

We provide the detailed derivation of Eq. (43). The trace of the Hartree matrix functional
1s
1 [ drdr

NTr E¥D] =
r&7[D] 2 ) |r—1/|

> Dap(r) Dpa(r). (84)
AB

Since Dap(r) = >, ¥Ha(r)Ygs(r), the functional derivative with respect to 1p 4 (r) receives

two contributions (one from each factor of D):

aDCD (I‘l)

907 (1) =0(r1 —r)dca¥pp(ry). (85)
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Applying this to Eq. (84):

0 Tr EH dr’ dr’
(pr Z/|r Ypp(r) Dpa(r Z/|r (r') Ype(r)
=z Z Vpp(r) Vi, (r Z Vpe(r) Va,(r)
= ZiﬂPB r) VE,(r) = ¢(r) VE,(r), (86)

where in the last step we used V&, = VE, with C and B as dummy summation indices

running over the same range, combined with the symmetry |r — /|~ = |r' — r|~L. O
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