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I. MICROSCOPIC MODEL AND SIMULATION METHODS
A. Chromatin and trans-factor representation

We model chromatin as a flexible bead—spring polymer containing N beads. Each bead carries a binary internal
state, U or M. The state M represents a generic active histone modification, with H3K27ac as a representative
example.

The polymer is surrounded by Ny mobile single-bead particles denoted by W. These particles represent writing-
related trans-factors, including writing enzymes, mark-binding proteins, and multivalent coactivators. They describe
a collective regulatory function rather than a single molecular species. A representative snapshot is shown in Fig. S1.

The reference polymer contains N = 2000 beads and represents a chromatin segment of approximately 1Mbp. A
central interval is designated as the focal region €. Its size is varied from Ng = 10 to 100 beads, corresponding
to approximately 5-50kbp. The reference value used in most simulations Ng = 50 corresponds to approximately
25kbp. Using a mammalian nucleosome repeat length of approximately 200 bp, this range can accommodate roughly
25-250 nucleosomes [1]. This scale is larger than the core sequence of a conventional enhancer and instead represents
its surrounding modified chromatin. Conventional enhancers are typically sub-kilobase, whereas extended enhancer
domains, often described as stretch enhancers or super-enhancers, can span several to tens of kilobases [2, 3]. We
therefore interpret 2 as a localized active regulatory domain, which may contain an enhancer or promoter together
with its surrounding chromatin, or an extended enhancer cluster. The effective chromatin-bead diameter is set to
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FIG. S1. Microscopic chromatin—factor model. Representative simulation snapshot of the chromatin polymer and mobile
trans-factors. Unmarked (U) and marked (M) chromatin beads are shown in gray and green, respectively, and trans-factors
(W) are shown in blue.
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o = 20nm. This mapping is approximate because the spatial organization of a chromatin segment depends on its
genomic context and compaction state [4, 5].

B. Intra- and inter-molecular interactions

Adjacent chromatin beads are connected by a harmonic bond,
Ubond (1) = ?(r —19)?, (S1)

where ki, is the bond stiffness and 7q is the equilibrium bond length. We set ki, = 50 kgT'/o? and r¢ = 1.00.
All nonbonded interactions are described by a truncated Lennard—Jones potential,

Ueb(ry = § Hat {(?)m‘ (Urb)ﬁ} TS T (S2)
0, > Te,

where a,b € {U, M,W}. Here, €, is the interaction strength and o4 is the pair contact diameter. Chromatin beads
have diameter oy = o)y = o, whereas the trans-factors have diameter oy = 0.50. The pair diameters follow the
arithmetic mixing rule,

Oq + 0p

Tab = —, (S3)
Thus,
oUU = OUM = OMM = O, ouw = oyw = 0.750, oww = 0.50. (S4)
The cutoff is r. = 2.50 for all pairs.
The reference interaction strengths are
evw = 2.5kpT, eww = 1.0kpT, €other = 0.2 kpT. (S5)

Marked chromatin therefore has a strong affinity for W factors. The factors have a weaker self-attraction. All
remaining interactions retain the same weak background value. In particular, no additional mark-dependent attraction
is assigned between marked chromatin beads.

The strong M—W interaction represents reader-like recognition of active histone marks by writing-related factors
[6-10]. The weaker W-W interaction represents weak multivalent association among active-chromatin regulators [11-
13]. The polymer and trans-factors are confined within a spherical cavity of radius R = 18.61c. The corresponding
confinement volume is V = 47 R3/3.

C. Epigenetic-state reactions

Each chromatin bead undergoes stochastic transitions between the unmarked and marked states,

ki
Ui = M. (S6)

The mark-loss rate k_ is spatially uniform. It represents enzymatic erasure, histone replacement, and other unresolved
processes that remove the mark [14, 15].
The writing rate depends linearly on the instantaneous abundance of nearby W factors,

ki = wigw (Ry), (S7)

where w; is the local writing propensity. The local factor abundance is evaluated as

qw(Ry) = Y K(ry;), (S8)
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with the reaction kernel

K(r) = <1 - r> O(rk — 7). (S9)
TK
Here, 7; is the distance between chromatin bead i and factor j, and rk = 1.50 is the reaction range. Factors closer
to the chromatin bead contribute more strongly to its writing rate.
The effective volume sampled by the reaction kernel is
3
Vk = | K(r)dr= "X, (S10)
R3 3
For a spatially uniform factor distribution with density pw = Ny /V, the expected local abundance is py V. It should
be noted that Eq. (S7) describes the unsaturated limit in which writing is proportional to local factor abundance [16].
The writing propensity is enhanced within the focal region,

XoWwo, @€ €,
i = S11
h {wOa 7’¢ Qv ( )

where wy is the background propensity and xq is the relative enhancement within €2. The focal interval represents a
chromatin region selected by sequence-specific regulatory activity, such as transcription-factor binding at an enhancer
or promoter [17].

Within €, the quantities entering the dimensionless regulatory input are related by

Xawopw VK
—

(S12)
The local writing enhancement xqo and the global factor density py can therefore be varied independently while
producing the same regulatory input a.

D. Hybrid molecular-dynamics and reaction scheme

The chromatin polymer and trans-factors are evolved by Langevin molecular dynamics using HOOMD-blue [18].
The bead diameter o, thermal energy kg7, and particle mass define the reduced units. The integration time step is

Atyp = 0.005 7vp. (813)

The internal chromatin states are updated every 100 molecular dynamics steps. The reaction-update interval is
therefore

Atupdate =0.5 TMD- (814)
For each bead, the probability of the allowed state transition during this interval is calculated by
P =1 —exp (—AAtypdate) » (S15)

where A = kf for an unmarked bead and A\ = k_ for a marked bead. The writing rate is evaluated from the
simulated snapshot at each reaction update. A state transition immediately changes the nonbonded interactions of
that chromatin bead.

Simulation time is reported using dimensionless time

T=k_t. (S16)

The background writing propensity and loss rate are fixed in all simulations at wy = 3.0 x 10~* 71\7[11) and k_ =
2.0 x 107* 7'1\7[]13, respectively. Unless otherwise stated, all other parameters are held fixed. The regulatory input is
changed through xq and py .

Initial polymer conformations are generated by a self-avoiding random walk within the spherical cavity. The W
factors are then inserted at random positions without overlap with the polymer beads or other factors. Static-state
simulations are initialized from either a fully unmarked state, m(0) = 0, or a fully marked state, (0) = 1. At
least 20 independent trajectories were generated for each parameter set. Most trajectories are evolved for up to
2.0 x 107 Atyp, corresponding to a maximum reduced time of 7 = 20. Further simulation details about one-step
perturbation, activation-maintenance, and periodic input are described in the corresponding sections.



II. MEASUREMENT AND VALIDATION OF THE CONDITIONAL ENRICHMENT

A. Measurement of G from simulation trajectories

We measured G from the simulated configurations using the reaction kernel in Eq. (S9). Let xl(»k)(s) = 1 if bead ¢
is marked in frame s of trajectory k, and xgk)(s) = 0 otherwise. The mark fraction in this frame is

ia(s) = - IERC! (817)

The conditional enrichment G(u) is the factor abundance sampled by an unmarked bead, normalized by the uniform
expectation py Vik. Here, u labels a sampled value of the instantaneous mark fraction. For trajectory k, it is estimated
as

1 3 [1 - xl(-k)(s)} " (s)
_ 1€Q
Gr(u) = N,gr(u) Z Na(1 —u)pw Vk

st (s)=u
> 1-2e)] ¢ )

Vo1 i€Q
- , S18
VK ngr(u) Z NwNQ(l — u) ( )

s (s)=u

where q(k)

. (s) is the kernel-weighted local factor abundance defined by Eq. (S8), and N (u) is the number of frames
in trajectory k with mark fraction u. The second equality follows from py = Ny /V. The normalization ensures that
G(u) =1 for a spatially uniform factor distribution.

Each trajectory provides one conditional estimate at every sampled value of u. For an ensemble of independent

trajectories, these estimates are averaged with equal weight,

1 Niraj(u)
g(u):m ; Gk (u), (S19)

where Niaj(u) includes only trajectories that visit w.

B. Dependence of G on regulatory conditions and history

The reduction of the microscopic dynamics assumes that the conditional enrichment can be closed by the instanta-
neous mark fraction,

G = G(u). (S20)

This closure is not guaranteed. At the same m = wu, the chromatin—factor organization may still depend on the
regulatory input or on the path by which the state was reached. A strong residual dependence would require additional
variables beyond mark fraction.

We test this closure at three levels. We first compare G(u) over a broad range of regulatory inputs a. We then
compare trajectories initialized from the fully unmarked and fully marked states. This tests whether configurations
with the same mark fraction retain a dependence on their initial state.

Finally, we resolve the regulatory input into its two independently controlled components, py and xqo. Although
pw and xq enter a multiplicatively, they have different microscopic roles. The factor density py changes the global
factor abundance and may alter the spatial organization. In contrast, xo changes the writing propensity within
without directly changing the molecular interactions. We therefore examine G(u) throughout the (pyw, xq) parameter
space. All conditional averages are obtained independently before comparison. These tests determine whether the
spatial feedback can be represented by a single function of the instantaneous mark fraction.

Figs. S2 and S3 summarize these tests. For each parameter condition, a value of G(u) was retained only when the
corresponding u was visited by at least eight independent trajectories. This criterion leaves gaps in the intermediate
transition region for many conditions. Once the positive feedback is activated, the system passes through this region
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FIG. S2. (A) Conditional enrichment G(u) measured across the explored regulatory inputs. Each curve denotes a conditional
average obtained separately for one parameter condition and is colored by its regulatory input a. (B) The same measurements
grouped by the initial mark state, 72(0) = 0 (blue) and m(0) = 1 (red). Values at a given u were retained only when that state
was sampled by at least eight independent trajectories.

rapidly. Stronger regulatory inputs further accelerate this transition and make intermediate values difficult to sam-
ple. Nevertheless, the retained G(u) curves show an approximate collapse within a common range. No systematic
dependence is observed on the input strength, the initial state, or whether a is varied through py or xq. These
results support treating the conditional enrichment as a function of the instantaneous mark fraction alone within the
explored parameter range.

C. Parameter-balanced consensus and Hill representation of G(m)

The parameter-balanced consensus shown in Fig. 2B of the main text was constructed from all (pw, xo) conditions.
At each u, a parameter condition was retained only when at least eight independent trajectories visited that state. A
consensus value was calculated only when at least twelve parameter conditions remained. Each valid condition was
assigned equal weight. We restricted the analysis to 0 < u < 0.90, because fewer unmarked beads remain at larger u.
A Huber location estimator with tuning constant ¢ = 1.345 was used to determine the robust center across parameter
conditions [19]. The 16th-84th percentile range was used to describe the corresponding between-condition variation.

The pointwise robust centers were projected onto a non-decreasing curve using weighted isotonic regression. The
weights were proportional to /n,(u)/s(u), where np(u) is the number of contributing parameter conditions and s(u)
is their robust dispersion. The resulting points were connected by shape-preserving cubic interpolation. For use in the
theoretical analysis, we represent the interpolated consensus as a continuous constitutive function of the mean-field
state m. It was fitted by

mh

g(m) = gmin + AKh

Bt (521)

The same procedure was applied separately to the datasets with different interactions and Ng.

D. Radius of gyration of the active chromatin region

To characterize the conformational change of the focal chromatin region during the feedback process, we calculated
its radius of gyration. For frame s of trajectory k,

1/2
Ryi(s) = [NIQ SR - Ré’z(s)ﬂ , (522)
1€Q
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FIG. S3. (A) Conditional enrichment G(u) at fixed local writing enhancement xq, as indicated above each panel, while varying
the factor density pw; curves are colored by 10%pw . (B) Conditional enrichment at fixed pw, as indicated above each panel,
while varying xq; curves are colored by xq.

where

1
RENG) = 3 2RV G) (523)
1€Q

is the center of mass of the chromatin beads within €.

The conditional radius of gyration Ry (u) was calculated from the same trajectory ensemble used for G(u). For each
(Nw, xa) condition, simulated frames were grouped according to their instantaneous mark fraction m = u, and the
corresponding R, values were averaged over the sampled trajectories to obtain a conditional estimate. The results
are shown in Fig. S4. The individual conditional values are shown as the raw data points. At each u, the reported
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FIG. S4. Mean radius of gyration Ry (u) as a function of the instantaneous mark fraction m = w. Gray points show the
conditional estimates obtained separately for different (Nw, xo) conditions. The blue solid curve shows the mean obtained by
assigning equal weight to all sampled conditions at each w.

mean was then obtained by assigning equal weight to all sampled (N, xq) conditions.

E. Dependence of G on molecular interactions and region size

Although G depends only weakly on regulatory conditions and history, it remains sensitive to the intrinsic properties
of the chromatin—factor system. We therefore examined how G changes with the mark—factor interaction epsy, the
factor—factor interaction ey, and the size of the region Ngq.

To reduce the computational cost, all simulations in this subsection were performed at fixed xyo = 10, while py
was varied. For each parameter set, simulations were initialized separately from m(0) = 0 and m(0) = 1. The range
of pw was adjusted for different interaction strengths and region sizes to obtain sufficient sampling of the high-mark
state. A separate parameter-balanced consensus curve was constructed for each dataset using the procedure described
above, with each py condition assigned equal weight. Because these reduced parameter scans sampled some values
of m less frequently, the minimum sampling requirement was relaxed. A condition-specific value of G(u) was retained
when the corresponding u was visited by at least three independent trajectories.

Changing the molecular interactions directly modifies G. Reducing ey weakens the recruitment of trans-factors by
marked chromatin and therefore substantially lowers G (Fig. 2B of the main text). Reducing ey w, which suppresses
self-association among trans-factors, also lowers G, but the change is minor (Fig. S5A). More generally, ey and
eww provide two coupled contributions to factor enrichment. In realistic systems, stronger mark—factor recognition
may partially compensate for weaker factor—factor association, and vice versa.

The region size produces a nonmonotonic change in G (Fig. S5B). The enrichment is weak for N = 10, reaches its
largest value at Ng = 25, and then progressively decreases as Ng increases. At fixed mark fraction, a very small region
contains too few marked beads to support strong collective factor recruitment. Increasing the region size therefore
promotes the formation of a factor-rich structure. For larger regions, however, the finite factor pool is distributed
over more chromatin sites, reducing the average enrichment sampled by each unmarked bead. This behavior reflects
a competition between cooperative hub formation at small sizes and factor-limited dilution at large sizes.

III. BIRTH-DEATH DYNAMICS
A. Finite-Nq birth—death process

The mean-field equation describes the deterministic evolution of a continuous mark fraction. A finite chromatin
region instead contains a discrete number of marked sites. Let n = 0,1,..., Ng denote the number of marked sites
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FIG. S5. (A) Parameter-balanced consensus curves G(u) for different factor—factor interaction strengths eww. Reducing eww
weakly lowers the enrichment. (B) Consensus curves for different focal-region sizes No. The enrichment is weak for No = 10,
reaches its largest value at No = 25, and decreases as the region is enlarged further. Each curve was constructed at fixed
xo = 10 from the corresponding pw scan.

and let
n
= — S24
denote the mark fraction associated with state n. The mark number evolves through the one-step transitions
n 2 n 41, n £ n—1. (S25)

At state n, the region contains N — n unmarked sites. Each unmarked site is written at the dimensionless rate
aG(my,). The total birth rate is therefore

An = (Ng — n)ag (A’;Q) . (S26)

Each marked site loses its mark at unit rate in the reduced time 7 = k_t. The corresponding death rate is
fn = T. (S27)

The physical boundaries satisfy pp = 0 and Ay, = 0.
Let p,,(7) be the probability of observing n marked sites at time 7. Its evolution obeys

d
% = An—1Pn-1 + Hn+1Pn+1 — (/\n + ,Ufn)pnv (828)

where terms outside 0 < n < Ng are omitted. Equations (526)—(S28) define a classical one-step birth—death process
[20-22]. Its state-dependent birth rate is supplied by the conditional enrichment G measured from the microscopic
chromatin—factor dynamics.

The connection to the deterministic equation follows from the local moments of the process. Over a short interval

AT,
P(An =1|n) =\ AT + O(AT?),

) (S29)
P(An = —1|n) = un A1+ O(AT?).

The conditional mean increment of the instantaneous mark fraction is

E[Amm | n(r) =n] = A"A;T“”AT L O(AT?)

= [a(1 —m,)G(my) — m,]) AT + O(AT?). (S30)



The corresponding variance is

Var [Am | n(T) =n] = Lf”
Ng

_ ol = mn)G(mn) +mn 5 O(AT?). (S31)
Ng

AT+ O(AT?)

In the limit N — oo, the fluctuations vanish and Eq. (S30) recovers the deterministic equation in the main text. At
fixed m and «a, the amplitude of the finite-number fluctuations scales as N, /2,

B. Finite-window first-passage statistics

First-passage statistics are calculated by treating the prescribed target region as absorbing. For the low-to-high
process, define

iy = [Nomi "], (532)
The absorbing and transient state sets are
Apg =nk7H . Ng,
Toom =0,...,n577 —1. (533)
For the high-to-low process, define
ni =t = |[Nomi ™%, (S34)
with
A =0,... ,nfﬂ_)L, (535)
Tur =nH7t+1,... Ng.

The corresponding first-passage times are

TL*}H = il’lf{’r >0: n(T) > ntLhA)H}a

536
Ty p = inf{r > 0:n(r) <nf~7L}. (536)

For Ng = 50, the thresholds used in the main text give ni7# = 25 for m&7# = 0.5 and nf{ 71 = 10 for m{ 7% = 0.2.
The initial states are n(0) = 0 and n(0) = Ngq, respectively.

For either direction X — Y, let p(7) denote the probability vector restricted to the corresponding transient set
Tx_v. Its evolution is

d
% = Qx-yp, (S37)

where the transient generator has matrix elements

A, 1=7+1,
i 1=7—1, .
J 2/ — J
0, otherwise,

A transition from the transient set into the absorbing set is omitted from the off-diagonal elements. Its rate remains
in the corresponding diagonal element and therefore removes probability from the transient states.
For an initial probability vector pg, the transient-state distribution is

p(7) = exp (Qx—vT) Po- (S39)
The survival probability is the probability that the threshold has not been crossed,

Sx_y (1) =1Tp(7). (S40)
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FIG. S6. (A) Low-to-high passage with m& " = 0.5. (B) High-to-low passage with mi. " = 0.2. Results are calculated from
the birth—death model at No = 50. Blue curves show the mean conditioned on passage within T,,s = 20, whereas yellow curves
show the unconditional mean over an infinite time horizon. Gray shading denotes the deterministic MEMORY regime.

The theoretical finite-window passage probability is therefore
Px_y (Tons) =1 — Sxv (Tobs)- (S41)
The finite-trajectory expression used for the microscopic simulations is the sample estimator of Eq. (S41).

The first-passage-time density is

Fxoy (1) = —dsgi:y. (542)

Only trajectories that cross the threshold within Tgp,s contribute to the simulated mean first-passage time. The
corresponding theoretical quantity is

Tobs
/ Tfx—vy(T)dr
T =20 S43
< X%Y>Cond PX—>Y(TObs) ( )
Integration by parts gives
Tobs
/ SX—>Y(T)dT - TobsSXﬁY(Tobs)
<TX—>Y>Cond =20 (844)

1 — Sxov(Tobs)

This quantity is bounded by Typs. It remains finite when passage events are rare within the observation window.
For comparison, the unconditional mean first-passage time is

(Tx=v) o :/0 TfX—»Y(T)dT:/O Sx_y(t)dr = -17Qx,y Po.

Unlike Eq. (S44), the unconditional mean can become extremely large when escape from the initial state is rare
(Fig. S6).

The finite-window passage probability depends explicitly on Tyhs. A longer observation window allows more tra-
jectories to cross the prescribed threshold and therefore shifts the apparent transition boundary. This boundary is
distinct from the saddle-node thresholds of the deterministic equation, which are independent of the observation time.

To test this dependence, the microscopic trajectories were truncated at different observation times. For each Tis,
the corresponding theoretical probability was calculated from Eq. (S41) without changing G(m) or any other model
parameter. We define the probability residual as

APx oy (Tobs) = P33 (Tons) — PN (Tobs)- (S45)
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FIG. S7. (A) Low-to-high passage from (0) = 0 with m5 7 = 0.5. (B) High-to-low passage from 72(0) = 1 with mfI =% = 0.2.
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simulated passage probability, the birth-death theory prediction, and the residual AP = Pisjm — Piheory Over the (xa, pw)
parameter space. Passage probabilities increase from white to green; positive and negative residuals are shown in red and blue,
respectively.

Fig. S7 compares the simulated probabilities, the theoretical predictions, and their residuals at different observation
times. Increasing Tops shifts the passage boundaries in both directions. The birth—death theory systematically captures
this displacement, with modest deviations near the transition region.

C. Stationary distribution and kinetic barriers

For a fixed regulatory input a, let m,(a) denote the stationary probability of observing n marked sites. The
stationary distribution of the finite one-step process is

wi(a) T (@)
T(a) = ~——=——,  wola)=1,  wa(a)= ] : (S46)

Q 0 Hi+1

D wi(a) ’

k=0

The corresponding kinetic landscape is
A®(mpia) = —In | — (@) (S47)
max 7 (a)
0<k<Nq

Thus, A® = 0 at the most probable mark fraction for each a. Within the bimodal range, let n;, and ny denote the
low- and high-mark local maxima of 7, respectively. Let ny denote the intervening local minimum, with

ny, < nyg < nyg. (848)
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FIG. S8. The low-to-high barrier Br_, g (blue) and high-to-low barrier By 1, (red) are calculated from the stationary kinetic
landscape of the birth—death process at No = 50.

Equivalently, n;, and ny are the two local minima of the kinetic landscape, while ny is the barrier between them.
The directional barriers are defined as

BL—>H(G‘) = Aq)(mﬂu ; a) - Aq)(anv a)a

Br_,r(a) = AD(myy;a) — AD(mpy;a). (549)

As shown in Fig. S8, these quantities measure the stationary suppression of escape from the low- and high-mark
basins, respectively.

IV. PERTURBATION AND RECOVERY ANALYSIS

Perturbation simulations were initialized from the fully marked state, 7(0) = 1. The system was first evolved for
7 = 1 with the epigenetic-state reactions active. A fraction fge of the marks present within €2 was then deleted by
changing the corresponding beads from M to U.

Both writing and loss reactions were suspended for the following 7 = 1, while the polymer and W factors continued
to evolve by Langevin dynamics. The reactions were then restored, and the system was evolved for an additional
7 = 10. All interaction and regulatory parameters were unchanged throughout the simulation. Twenty independent
trajectories were simulated for each parameter set.

For each regulatory input a, the recovery threshold m{$°(a) was set according to the corresponding high-mark fixed
point my(a). Let 7 = 0 denote the time at which the reactions were restored. The recovery time of a trajectory was
defined as

Tree = inf{r > 0: m(7) > m{i (a)}. (S50)
A trajectory was classified as recovered if Ty < 10. The recovery probability was calculated as
NI‘CC
Prec .fdel;a = ) S51
(oo ) = 2 (551)
where Ny is the number of recovered trajectories.
The recovery counts obtained at different fqe; were fitted to a decreasing logistic function,
1
PE (fae1) = : S52
ec(.f e ) 1 + exp [n (fdel - fd521)] ( )
where x controls the steepness. The fitted midpoint satisfies
Pi(fia) = 05. (853)

The fitted f39 was then compared with the mean-field prediction 1 — my/mpy.
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V. ACTIVATION-MAINTENANCE SIMULATIONS

The activation—maintenance simulations consisted of two consecutive stages. During activation, the system was
evolved for 7 = 10 at the prescribed high trans-factor density pi'. The active density was then reduced to the fixed

maintenance value
103 pinaint — 2 96, (S54)

and the simulation was continued for another 7 = 10.

The density reduction was implemented by converting randomly selected W particles into an inactive particle type I.
The I particles interacted with all particle types through the background interaction strength 0.2 kg7, were excluded
from the calculation of gy, and had no writing activity. The remaining active factors corresponded to p”wl,ai“t, while
the total number of mobile particles remained unchanged. All other simulation parameters were unchanged during

the switch.

VI. DYNAMICS UNDER PERIODIC STIMULATION
A. Triangular-wave stimulation

The active trans-factor density pw (7) was varied periodically while yo was held fixed. Because a o« pw, the
regulatory input a(7) followed the same triangular waveform. The stimulus frequency was denoted by v, corresponding
to a period T'= 1/v. Within each cycle, let

h=1—nT, 0<h<T, (S55)
denote the time elapsed since the beginning of that cycle, where n = 0,1, 2, ... is the cycle index. The input was then
defined as
h
QAmin + 2(amax - amin)f, 0 S h < T/Q,

a(r) =

h (S56)
Omin T+ 2(amax - amin) (1 - T) ) T/2 S h<T.

Thus, a(7) increased linearly from amiy t0 amax during the first half of each cycle and decreased linearly back to amin
during the second half. We used apin = 0 and amax = 0.295.

The active factor density pw (7) was varied by reversibly converting particles between the active type W and the
inactive type I. At each update, particles were selected at random to match the prescribed triangular waveform.
Only W particles contributed to gy and possessed writing activity. The I particles interacted with all particle types
through the background interaction strength 0.2 kg7. The total number of mobile particles remained unchanged.
Simulations were initialized from (0) = 0. Fifty independent trajectories were simulated for each frequency, with
each trajectory followed for up to four stimulation cycles.

B. Time-dependent prediction and hysteresis area

For the time-dependent input, the birth rate becomes

An(7) = (Ng — n)a(r)G (;ﬁ) : (S57)

while the death rate remains p, = n. The master equation was propagated numerically from p,(0) = d,0. The
predicted ensemble-averaged mark fraction is

m(r) = (7)) =) N Pn(7) (S58)

For the microscopic simulations, the hysteresis area was calculated separately for each of the 50 independent samples.
For sample k, the hysteresis area of cycle j was calculated from its mark trajectory m<k>(r). For discretely sampled
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FIG. S9. First-cycle hysteresis area A; as a function of the stimulus frequency v. Solid curves show birth—death predictions
obtained by replacing the measured state-dependent enrichment with the constants G = 1, 5, and 40. Open circles show the
simulation results, and error bars denote standard deviations across trajectories. All cases use a triangular input with amin = 0
and amax = 0.295 and are initialized from 7 (0) = 0.

points within cycle Cj,

(B) 4 5 (8)

& m
AW = > % (ag+1 — ae)|- (S59)
EEC]'

The mean hysteresis area was then obtained by averaging over independent samples,

(S60)

The corresponding standard deviation across trajectories was used as the error bar. The theoretical hysteresis areas
were calculated from (r(7)) using the same discrete integral procedure.

For the state-independent controls, the measured G(m) in Eq. (S57) was replaced by the constants G = 1, 5, and
40 (Fig. S9). Constant enrichment produces a nonmonotonic frequency response, but no single constant reproduces
the simulated response over the full frequency range.

C. Activation-cycle analysis

The response over the (amax, V) parameter space was calculated from the time-dependent birth-death equation at
fixed amin = 0. Each condition was initialized from p,(0) = d,0 and followed for a maximum of 20 cycles. The
activation threshold was set to mac; = 0.5.

The activation cycle was defined as

Nacy = min{j : max m(T) > Mact }- (S61)

Activation during the first cycle was classified as a direct response. Activation during cycles 2-20 was classified as
temporal integration. Conditions that did not reach m,.; within 20 cycles were classified as nonresponsive.
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